
Numerical Methods for Optimal Control
Assignement - KKT and SOSC

In this assignment we will understand better the optimality conditions of NLPs.



NMOC Assignement - KKT and SOSC - Page 2 of 3

1. Regularity and SOSC
(a) Consider the following NLP:

min
x

x>x (1a)

s.t. x>x≥ N (1b)

with x ∈ RN What is the solution of (1) ? Is it a KKT point ? Is it regular ? Does it fulfil the SOSC ? Justify
and explain.

(b) Same questions on the following NLP:

min
x

x>x (2a)

s.t. x>x≥ N, x1 + x2 = 0 (2b)

Are the solutions strict local minima?
Hint: Consider first the case N = 2.

2. Elimination of constraints A colleague of yours wants to solve the following problem:

min
x,y

x+ y (3a)

s.t. x+ y = ax2 +by2 + c (3b)

with a,b > 0, and x,y ∈ R. He observes the equality constraint (3b) and the cost (3a) and concludes that solving
(3) is equivalent to solving

min
x,y

ax2 +by2 + c (4)

which takes the trivial solution x, y = 0. He then realises that something is wrong with his approach, but he cannot
explain what goes wrong. Help him.

3. Parametric NLP (OPTIONAL)
Consider a parametric NLP of the form

min
x

f (x, p) (5a)

g(x, p) = 0 (5b)

(a) Provide an equation (in matrix form) that describes the local variation of the primal-dual solution ∆x, ∆λ as
a function of the parametric variation ∆p.

(b) Prove that the solution x(p) of (5) is differentiable with respect to p if it fulfils LICQ and SOSC.

Hint: use the answer of the first part, and decompose ∆x into the null-space/range-space of ∇g. You can
then show that ∆x is well defined under the aforementioned conditions.

4. A simple problem that is not so simple (OPTIONAL). Consider the periodic OCP, where the initial and terminal
conditions are free but constrained to match:

min
x,u

1
2

∫ 1

0
(u(t)−2π)2dt (7a)

s.t. ẋ(t) = u(t)
[

0 −1
1 0

]
x(t) (7b)

x(1)− x(0) = 0 (7c)

with x(t) ∈ R2 and u(t) ∈ R.



NMOC Assignement - KKT and SOSC - Page 3 of 3

We discretize the input in (7) using a uniform piecewise constant input discretisation over the time interval [0, 1]
so that we solve:

min
x,u

1
2

N−1

∑
k=0

(
uk−

2π

N

)2

(8a)

s.t. ẋ = uk

[
0 −1
1 0

]
x, for t ∈ [k/N, (k+1)/N] (8b)

x(1)− x(0) = 0 (8c)

as an approximation of (7)

(a) Provide all the solutions to problem (8). Hint: the nonlinear dynamics (7b) and therefore (8b) admit an
explicit solution in polar coordinates.

(b) Suppose we tackle problem (8) via integrating the dynamics (8b), we then get x(1) = f (x(0) ,u0, ...uN−1) for
some function f . We can then formulate (8) as:

min
u,x0

1
2

u>u− 2π

N
u (9a)

f (x0,u)− x0 = 0 (9b)

where x0 ≡ x(0), and u =
[

u0 ... uN−1
]
. Do the solutions of (9) satisfy LICQ? Do they satisfy SOSC?

Answer formally and then provide intuitive explanations.


